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1.0 Introduction
The aim of this work is that of highlighting some cultural references of the “Philosophy of Mathematics Education” with the support of a reflection which brings out some possible problems relative to different cultures.  

The leading questions in addition to those of “Discussion Group 5” dell’ICME 11 «The role of philosophy in mathematics education»
 are:

1. What is the epistemological reference? 
2. What are the possible problems with reference to cultures that appear very different such as the Occidental and Oriental ones? 
3. What are the relationships between the experimental works on the subject? 
4. What are the implicit diagrams of reasoning that remain, notwithstanding a declared philosophy of education?
There is no pretence to respond to all of these questions. The attempt was to highlight the problems also by means of bibliographical references. 
Naturally the questions posed by “Discussion Group 5” are the leading guide for this work. 
2.0 In occidental culture. For an approach to the Epistemology of “philosophy in mathematics education ».
Aristotelian science (Hellenic philosophy) and the Judeo/Christian religion characterised occidental civilisation, imprinted with individualism and dialectics, became the characterising element of the interpretation of the “becoming” of the occidental philosophies
.
If we analyse these three terms (Philosophy, Mathematics, Education), to see how the history of occidental culture evolved, it is would be necessary to keep in mind a diagram of reference of this type: 
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Some general considerations on the “Philosophy of Education”
Clausse (1977, Vol II, p. 338), in analysing the influence of philosophy of education in the history of occidental culture, maintains that “the reason and the driving force of the educative ideals and tools must not be sought in philosophical doctrines. These, in fact, whether they are dogmatic or liberal, religious or lay, influence the pedagogic function only in the measure and within the limits in which the social conditions permit, or better, the ‘cultural field’.”
Presumably, that which is transmitted, overall in democratic societies, is the implicit behaviours which are the expression of a particular Philosophy of Education.  

At the beginning of the 1900s, the reaction to positivism, especially in Europe, made it so that “Pedagogy (Education)” passed from a corollary of “moral Pedagogy” to an idealistic type conception.    

G. Gentile, in Italy for example, “pedagogy coincides with the science or philosophy of the spirit, it is resolved, that is, in philosophy” (Corda Costa, 1980, Vol V, p. 296). And again on didactics: “… empirically speaking, one could define a theory of ‘school’; which evidently is a special, concrete, established form of education.” (Corda Costa, 1980, Vol V, p.296)

Wanting then to give a possible definition of “Philosophy”:
1. Critical analysis of knowledge; 
2. The rational explanation of each thing, research into the general principles with which all facts can be explained (indistinguishable, in this sense, from science); 
3. Science of the first principles of being;
4. Criticism and the placement or organisation of all knowledge deduced by empirical science, by rational knowledge, by common experience or otherwise. (Experimental philosophy or experimental Epistemology?)
This definition of “Philosophy” is in these terms: 
a. sufficiently broad and general to be able to contain the most diverse cultures;
b. operative enough overall with regards to point 4.
In this perspective, Philosophy without an adjective risks being an empty word, so the position we will follow will be that of speaking of the Philosophy of language, of ethics, of mathematics, of physics, of the sciences, of education, of religions, etc…
Research in the didactics of a particular discipline could be conceived of as a study of experimental epistemology of that discipline. “Research in the Didactics of Mathematics” would therefore be “Experimental Epistemology of Mathematics”. However, we will return to this later. 
Perhaps today, in the light of the debate of the 1900s, both in Philosophy and in the Sciences, it would be necessary to think more about a “Philosophy” which is concerned with “Theory of Knowledge” seen in its meaning of “Experimental Epistemology”.  

2.1 Philosophy of Education most frequently used in the mathematical sphere.
We report some of the Philosophies of Education that have had great reference in the second half of the 1900s. The list could certainly be broadened, but with the forethought of inserting these Philosophies which have left a tangible sign in the practice of education.  
1. Constructivism: 1) Knowledge is not received passively, but actively constructed by the subject that learns; 2) Knowing is a process of adapting thanks to which the subject who learns organises his own domain of experience. (Kilpatrick, 1987)
a. Ingenuous constructivism: on the first axiom;
b. Radical constructivism: both axioms accepted;

c. Social constructivism: enhances the central role of the cognitive conflict in the construction of knowledge; 
2. Idealism;

3. Etc…

In Appendix 1, there is a reference table regarding the major currents of thought on the “Philosophy of Education” or Pedagogy
” in the west and in the east.
We propose the following questions to which the answer is certainly not unambiguous or exhaustive. 
Why follow one philosophy of education rather than another? 
How does a social group decide to follow one line rather than another? How is this philosophy tied to the survival of the social group of which it is an expression? 
Which of the implicit philosophies are truly followed? 
Is there a difference between totalitarian systems and non-totalitarian ones? 
How does the philosophy of education influence mathematics education? 
Education
.

Education is the action which adult generations exercise on those who are not yet mature, for social life. Its aim is that of arousing and developing, in the child, a certain number of physical, intellectual and moral states which demand from him as much political society in its entirety as the specific environment to which the child is destined. (Durkheim, 1926, p.49)
The goal is that of being able to allow future generations a series of interpretive-adaptive theories on the conditions of physical and cultural survival of the social group to which it is referred. These “theories” also have to do with “cultural” techniques, of use, and of production of behaviour for adaptation to the environment. The set of these techniques is call “culture”. Education is therefore the set of the modalities and of the forms that permit its transmission (and/or guarantee it) from one generation to another. 
It is possible, therefore, to distinguish two fundamental forms of Education (Abbagnano, 1993, p.280):
1. that which is proposed simply is to transmit the techniques of work and of behaviour which are already in the possession of the social group and to guarantee their relative immutability;
2. that which is proposed, through the transmission of the techniques already in the possession of the society, to form in the individuals the ability to correct and perfect the same techniques.  

Naturally this is a schematization. There exist many nuances amongst these two positions. 
Economically and culturally closed societies I can choose the first of the two forms. All this allows the conservation of the political, economic, and social status quo.
Developing societies can direct themselves toward the second of the two forms. This will allow a greater competitiveness in the confrontation between different cultures (i.e. the tendency of the “Philosophy of Education” in China in the last ten years
).

It is also evident that a social group can decide to use the two forms in different percentages according to its strategic vision in relation to the other social groups present. 

2.3 Philosophy of Mathematics. Historical and historical-epistemological analysis 

The aim of this paragraph is to try to review the position of Mathematics and on Mathematics from the end of the 1800s to our day to try to interpret the role that these positions have had and/or still have on the teaching of Mathematics.


A panoramic look will be taken at the various currents of thought referring from time to time to the specialised literature. By means of these paths, I will try to identify the possible “paradigm” of Mathematics. 


The reflections on the role of “Elementary Mathematics from a superior point of view” will allow the under standing of several passages of the didactic transposition in a particular historical period.   


2.3.1 The Paradigm of Mathematics until the 1800s. 

We can identify two ways of seeing mathematical activity in classical culture. On one hand there is the activity of conceptualisation of Plato which had an important role in that which today we call “mathematisation of reality”. 


By means of the organisation of bivalent logic, another discussion, with regards to Aristotle which, will characterize the western culture’s way of reasoning. Euclidean geometry, the first structured language in the history of mathematics, represents a model of Aristotelian bivalent logic. In particular, the reasoning will make a noteworthy step ahead with the tool of “proof of the absurd”.


The paradigm of mathematics, in this instance, is the one relative to Euclidean Geometry through the following meanings: 
· Euclidean Geometry as the first representation of the physical world: this is also the message recovered from Plato.
· Euclidean Geometry as a model of bivalent Logic and therefore a model of reference of reasoning in occidental culture: the Aristotelian message. 
· Geometry as a hypothetical-deductive system. Message understood as beginning at the end of the 1800s. Hilbert took it up again to re-establish Euclidean Geometry. The Bourbakists made a programme of it for the classification of Mathematics in the 1930s. It corresponds to that which today the mathematical community defines as Syntactic Models and Semantic Models (Dalla Chiara Scabia, 1968).


Geometry as a hypothetical-deductive system brings one to a mature awareness of this paradigm in the western scientific community. 


Algebra is acquired in the western world only in 1200 with Fibonacci and it has a maturation of about 600 years before being reorganised as an autonomous and grammatically defined language.

Classical analysis will have perhaps a shorter period of systematisation (from 1600 to the second half of the 1800s), but with a more accentuated debate for its reorganisation. One thinks of the Newton-Leibnitz dispute, of Berkeley’s criticism
, of the difficult genesis of “continuous function”
, and finally of the ordering of Real Numbers (Dedekind) (Bottazzini, 1990).


The paradigm tended to change at the moment in which it was attempted to begin to systematise mathematical languages starting at the beginning of the 1900s. Naturally, this activity is included in preponderant measure in the work of the preceding century. In the sense that, as we have seen for algebra and analysis, their history came from further away, but the intense activity of the 1800s on many mathematical languages had its recognition in the following century. 

That which came to be called the “Crisis of Foundations” in many texts on the Philosophy or History of Logic and of Mathematics is none other than a first systemisation of Mathematics. The awareness of mathematical languages begins to take shape with this “Crisis of Foundations”. In such an instance both the Mathematicians’ and Philosophers’ communities flow together plus a third emerging category and this is the one of Logicians. It will be this last one which will try to pull the cord of the problem up to our day.

2.3.2 Logicisim, Formalism, Intuitionism, and Constructivism, some historical references. 

In light of the “crisis of foundations” at the beginning of the 1900s and the successive reassessments, the classification which was done within the Philosophy of Mathematics concerns Logicism, Formalism, and Intuitionism (which transformed itself into constructivism in the second half of the 1900s).    

More detailed classifications can be found in the work of C. Mangione and S. Bozzi (1993) and in Hao Wang (1984).


These three currents of thought have highlighted the problems tied to the Logic-Language relationship at the moment in which they had to define infinity. On the other hand, infinity allows mathematics to proceed more easily in the attempt to resolve broad classes of problems. 


It was necessary, in some way, to overcome these positions. In particular, formalism and logicism had many more characteristics in common than they had differences and, therefore, these three currents of thought had highlighted some of the important aspects of Mathematics.

We can thus summarise with four definitions of Mathematics (Abbagnano, pp. 558-561):
1. “Mathematics as science of quantity”, already implicit in Plato’s considerations on Arithmetic and Geometry in bringing to light the differences between the dimensions perceived by the senses and the ideal dimensions, subject of Mathematics (Rep., VII, 525-27). So Aristotle “… in declaring that mathematics uses quantity and continuity, sometimes in one dimension, sometimes in two, sometimes in three; as well as the characters of these entities in that they are quantitative and continuative, ignoring every other one of theirs. Consequently, he studies the relative positions and that which is inherent in it, its commensurability or incommensurability and its proportions” (Met., XI, 3, 1601 a 28). Kant, in making a distinction between Philosophy and Mathematics, maintains that while Philosophy proceeds by concepts, Mathematics proceeds by means of the construction of concepts. However, the construction of concepts is possible in Mathematics only on the foundation of the a priori intuition of the space, which is then the form of the quantity in general. Only the concept of quantity can be constructed. (Crit. R. Pura, Dr. Del metodo, chapter. I, sec. I).
2. “Mathematics as science of relationships”, connected to logic or part of it. All the history of Logicism belongs to this concept (Cartesio, Boole, Frege, Russel, Wittegenstein). The Logic of Relationships is a conquest of the beginning of the 1900s as a knowing acquisition of the Logicists. Also, mathematicians like Poincaré presented this definition of the general form asserting “Science is a system of relationships. Only in the relationships should objectivity be sought and it would be vain to seek it in the beings considered isolated one from the other.” (La valeur de la science, 1905, p. 266).
3. “Mathematics as science of the possible”, connected to the formalist current, is understood as science which does not implicate contradictions (Hilbert, Bernays). This programme, as said before, was placed in discussion by Gödel.
4. “Mathematics as possibility of construction”, connected to intuitionism (Borel, Lebesgue, Bayre, Brouwer). Intuitionism defines Mathematics as the science of possible constructions without appealing to a-priori forms as did Kant. The construction is a conceptual construction, which does not refer to empirical facts. Thus Heyting: “1st pure mathematics is a free creation of the spirit and it does not have, in itself, any relationship to facts of experience; 2nd the simple statement of a fact of experience contains, and always, the identification of a mathematical system; 3rd the method of the science of nature consists in reuniting the mathematical systems contained in isolated experiences in a purely mathematical system constructed with this aim. 

The Logic and Philosophy of Mathematics, Hao Wang (1984), maintains that they merged, in the second half of the 1900s (logical neo-positivism), into metalogic:

	Axiomatic Method
	In the formalist programme the questions of completeness and coherence are analyses which are called metamathematics (or proof theory). In this part there will then be studied the Syntactic Models and the Abstract Models (the re-establishment of the Bourbakists of Mathematics on the semantic base of sets). 

	Logic
	Calculation of the predicates of the 1st order
. Axiomatic theory of sets (predicative calculation of higher order). Study of formal systems and formal languages in general.  

	Semiotics
	General science of signs and languages structured in three parts: Syntax (the relationships between the expressions are studied); semantics (the expressions and their meanings are analysed); pragmatics (the signs are interpreted with reference therefore to who uses the language). 
Syntax and Semantics are studies within the community of Logicians and Mathematicians. Pragmatics, difficult to treat formally, is not taken into consideration in this context. 



These aspects of metalogic are place in relation to logical positivism and also to logical neo-positivism. 


“Thus, a branch of science takes on a formal language in which logically true formulas and actually true formulas find their place. The first have a universal logical field of validity, while the others have a more restricted field of validity. Roughly, the logical field of validity of a formula is the set of all the possible worlds in which it is true. It was thought that the success obtained by metalogic in the discipline of mathematics could be transferred to physics and even to biology and psychology.” [Wang, op. cit., p. 184]


A separate discussion considers Bourbakist structuralism as we will see in the next paragraph.

2.3.3 Abstract Models 
    
“Logic and the theory of sets supply the foundations of


mathematical structures in two different ways. Logic supplies

both the framing for a definition or an implicit
convention

according to which any structure which satisfies certain 

postulates is called field, or group, or other still, and a 

hypothetical justification of the theorems of the structures


as conditional theorems of logic. Set theory supplies


the range of the possible interpretations of the results.”   








H. Wang op. cit. [p. 269]

  
The attempt to give a semantic content to the activity of the mathematicians was completed by the Bourbakists around the thirties through the notion of structure. The semantic base of the structure is set theory.  The classification programme of the mathematical structures is placed into context in the Semantic Models. 

In a work by F. Le Lionnais
 the Bourbakists present that which could be considered as their manifesto: The Architecture of mathematics. 

In this article the Bourbakists highlight the relationships between logical formalism and axiomatic method, between formal system and structure, this, therefore, allows them to have a particularly effective tool for classifying mathematics according to three large structural categories: algebraic, order and topological. In this classification set theory represents the semantic base.  


The classificatory aim of the Bourbakists was already highlighted at the beginning of the article: “…at the beginning of this century, it was necessary, bit by bit, to renounce seeing in mathematics a science characterised by an object and a single method. Rather, it had the tendency to consider it as ‘a series of disciplines founded on some particular notions, defined with precision’, connected by ‘a thousand paths of communication’, allowing its own methods, for one of these disciplines, to let one or many others of it progress. Today, on the contrary, we believe that the internal evolution of the science of mathematics has, in spite of appearances, locked up, more than ever, the unity of the different parts, and a sort of more coherent central nucleus than has ever existed has been created. The main thing of this evolution consists in a systemisation of the existing relationships between the different mathematical theories, and takes on againm in a trend, what is generally known under the name of axiomatic method.”[op. cit., p. 36-37]


The position is that of formalising the language of mathematics “ordering (or establishing) the vocabulary and clarifying the syntax”, but this alone is not enough, in that formalism, by itself, is unable to supply the profound intelligibility of mathematics. “…The axiomatic method finds its point of support in the conviction that, if mathematics is not a linkage of syllogisms developed by chance, it is neither a set of more or less astute artifices, facts of fortuitous approaches in which pure technical ability triumphs.” [op. cit., p. 38]


The “structure” therefore comes out as a class of equivalence on a set of systems of axioms, and all this through an experimental manipulation of the axiomatic systems.

The structure becomes therefore a tool for the mathematician which allows him, once having found satisfactory relationships to a known structure’s axioms, to arrange an arsenal of general theorems relative to the structures of that type. 

With the notion of structure, one is able to give flesh to the research on typical formal systems of logic and to the successive research on theory of models. 

Merit should be given to the Bourbakists for having worked out the first, after Euclid, large-scale classification of mathematics which had a rather organic order.

Excluded from the research of the Bourbakists, however, are the questions relative to the comprehensiveness of the axiomatic systems and to Gödel’s results. The role of semantics is relative to the pluralism of the systems of axioms which verify a same structure and that therefore of the models. 

 2.3.4 The reflection today on the foundations: Implications on recent disciplines such as Information Technology, Cybernetics, Artificial Intelligence. 

The study of the foundations of mathematics has had, at least up until the thirties, as active subjects the Mathematicians and the Logicians
.


Today it seems, the Mathematicians who do not concern themselves much with the foundational problems of mathematics, the systemisation worked on by the Bourbakists (see the preceding paragraph) have in some way supplied a framework of reference accepted by many in the mathematics community.  

The comfortable position of the “Platonist during the week and Formalist at the weekend” leaves us to understand that: 

1- the activity of discovering new theorems which refer to the world of ideas justifies an activity which is not necessarily able to be inserted into the historical evolution of mathematical languages and in natural languages as languages of mediation for reaching formalisation; 

2- communication of the results to the outside world requires a dignified accuracy. By accuracy we mean an “accuracy” accepted by the community of mathematicians in a particular historical period.   

Meanwhile, the Logicians remain trying to reorganise that which exists in satisfactory epistemological terms. 

In recent years, there have been inserted into the problems regarding the foundations, the informatics theoreticians and those who concern themselves with cybernetics and/or artificial intelligence. The reference problems are tied: 

- to possible simulation of thought activity by a machine; 

- to the identification of mental processes by algorithmic-mechanical processes. 

These two problems continuously place in discussion the interpretive theoretical models and at the same time the foundational questions related to them.

The dynamic situation in which the Cybernetics and Artificial Intelligence scientific community finds itself is well highlighted by the following sentence by Penrose (1992): "The brain does not resemble a computer, but rather a computer which changes continuously.”

The logicians, for their part, have been well inserted into the debate even if, within their circle, problems are posed regarding the role of logic. That is, if logic is only a tool utilised by information technology or if there can be a dialectical interaction. 

Theoretical information technology is concerned mostly with the theory of languages, calculability, connectionism (neuronal networks) and theories of complexity.

Cybernetics today mostly analyses the same subjects placing the accent on the foundational aspects of artificial intelligence.

"It is accepted by a considerable part of the Artificial Intelligence scientific community, but not by all of it, that a useful point of departure is the assumption of the algorithmicity of the mental processes or, said in another way, the computational hypothesis of the brain.”(Termini, 1990, p.52)

While, theoretical information technology advances on work environments which are quite able to be inserted into the Bourbakist classification, Cybernetics adds the problem of complexity to the open problem in the area of theory of meaning.  

2.3.5 What is the position today? 

If today one did the same operation that Hilbert did, at the beginning of the century, with the “open problems” of mathematics, as states H.  Wang  [op. cit.] [p. 260] we would direct ourselves toward:
· certainty and necessity (synthetic a-priori or not);

· mathematical existence (and methods of construction);

· driving force of mathematics (utility, aesthetic attraction, and “art for art’s sake”, fashions and their causes, curiosity);

· mathematical activity (notation and abbreviation, heuristics, the phenomenon of blind mathematics);

· nature of mathematical proofs (formalisation and intuitive evidence);

· exhibition, teaching and mechanisation of mathematics (problems of communication rather than orientation of new fragments of mathematics, possibility of  mathematical criticism as analogous to literary criticism);

· pure mathematics in contrast to applied mathematics (criterion for judging the value of mathematical models of empirical situations, distance from the applications);

· mathematics as “language”. 

Mathematics as language in a Meta-logical perspective can give us the possibility of reflecting on two of the points reported by Wang and, that is, those regarding teaching and mathematics as “language”. 

Evidently, in this perspective, Pragmatics has a significant role and the possibility of being able to modellise the “teaching situations” represents an interesting challenge. Also taken into consideration is the research in the field of artificial intelligence which would allow us to obtain some data regarding the study of the “context” using all of the tools that are held to be indispensible: logical, modals, intentional, etc. .

The Theory of Didactic Situations is located in this context and could represent a useful tool for “modellising” the Pupil-Knowing-Teacher-Situation context through different paradigmatic approaches. I still maintain that the need to create a sort of meta-paradigm which allows confronting the problem by means of more convincing argumentation is necessary.    

The studies on modellisation of the theoretical-experimental type of teaching/learning phenomena in the “Didactics of Mathematics” are all located in this perspective.

2.3.6 The Italian experience of the “Encyclopaedia of Elementary Mathematics. 

At the beginning of the century, the association “Mathesis”
held that the publication of an “Encyclopaedia of Elementary Mathematics” was indispensible. 

This work was to have the aim of “presenting to teachers of Mathematics and to the pupils of the University School of Education a complete picture of Elementary Mathematics, with the intention, not only of saving time and labour for those who desired precise and certain information about some elementary subject, but with the principle aim of spreading the culture of mathematics amongst those, not having the good fortune to reside in a university centre, who could not procure for themselves study materials, nor expand their own knowledge and profitably direct their personal activity.”


Beyond presenting Elementary Mathematics, generally the subject of study in the upper secondary schools, there are presented some Complementary Theories whose goal is to go into depth on the themes of Elementary Mathematics or, sometimes, to renew them through the proposal of research themes which are held to be interesting. The editors of the work also had the intention to extend the subjects to the 1st period of two years of university teaching. Finally, arguments regarding the History of Mathematics and Pedagogical and Didactic Questions are treated.     

The body of the Encyclopaedia highlights the research of the various points of view in confronting and systemizing a certain concept or mathematical subject. The presentation of the points of view is always accompanied by historical and bibliographical citations. The historical citations take into account the historical research already consolidated and they supply a very interesting semantic frame work of reference.    

The work is divided into three parts. 

· The first part (in two volumes, 1929) is dedicated to Analysis, with a path that takes into account the process of the re-establishment of Mathematics at the beginning of the century: Logic, Arithmetic, Number Theory, Algebra, Functions, and Analysis.   
· The second part (in two volumes, 1939) is dedicated to geometry: Geometry, Measurement Theory, Triangle Geometry, geometric Transformations, Vectoral Calculus, analytical Geometry, projective Geometry, descriptive Geometry, non-Euclidian and non-Archimedean Geometry, elementary Geometry and higher mathematics.   
· The third part is divided into three volumes: the first two deal with the Applications of mathematics (1949), the third with statistics (1962). In the second volume, three articles intended to give particular meaning to the work are presented: 1) The History of Elementary Mathematics, 2) Characters and trends in modern mathematics, 3) Didactic Questions. 

However, what role could the introduction of Elementary Mathematics have played in the teaching of mathematics? 

To interpret this role, it will be useful to refer to a reflection on the Didactics of Transposition done by the Encyclopaedia of Elementary Mathematics and, more in general, by the acquisition, on the part of the mathematics community of the of Elementary Mathematics from a higher point of view:
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Elementary Mathematics, fruit of work on the part of educational associations (Mathesis), official Institutions, specialised and popular magazines, represent the mediations between the Knowledge Known and the Knowledge to be taught. This mediation had, in the Italian tradition, two special instances. The first has to do with the passage between the Knowledge Known and the Encyclopaedia of Elementary Mathematics seen as a new instance of Knowledge Known to newly reorganise the preparation texts for the upper secondary school competitions and finally available to be able to reorganise it as Knowledge to be taught on the part of the scholastic institutions.       


In this formulation Elementary Mathematics assumes an important role. They represent the reference of the possible mathematical paths for being able to define and therefore introduce a particularly mathematical concept or a complete subject.  


The “Questions regarding Elementary Mathematics” collected and coordinated by F. Enriques (1st edition from 1900, Zanichelli, Bologna) had a different role. Its formulation is that which we classify today as the historical-epistemological area. Luigi Brusotti in the Encyclopaedia (Didactic Questions) considers the path followed by F. Enriques as historical-critical
. F. Enriques also edited the edition of the “Elements of Euclid and Ancient and Modern Criticism” (A. Stock Editor, Roma, 1925, 4 volumes).


In the Preface of the 1st volume two questions are highlighted: 1) the historical-epistemological area; 2) the problem of didactic transposition:


“Because every time you want to explain to the young people how university science is connected to the secondary teaching subjects and that it is worth taking advantage of the process
, that is, every time you want to transform doctrine into education or in clothing and faculty of their minds, you are always lead to see methods and problems in their historical evolution. In the light of which the didactic conscience, which has dismissed the abuses of logicism, truly learns to overcome the period of that exceedingly arid and narrow criticism, without relapsing into the old errors which constitute the right reason for them.”       

The article by L. Brusotti
 clarifies the passage between Knowledge Known and Knowledge to be taught. Mathematics teaching is presented in its cultural aspects (reference to philosophy and history is constant), the specific areas of school and the methods of teaching are analysed.

It seems interesting to us to underline the relationship highlighted on p. 926 between Natural language and Mathematical Language: “It is to be observed that mathematical language, specifically the elementary mathematics, unlike scientific language in general, rarely coins words, but rather draws from common language, attributing to the words, however, technically conventional meanings, in which the mathematical organisation often turns out to be by abstraction from assigned objects, for their differential characters, different names, but only one of these was taken on by the mathematician in an abstract sense, normally maintained even when, in further developments, the words of the common language (group, function variety, space, order, class, genre, continuous, normal, regular,…) are variously bent to a technical meaning, to indicate new concepts introduced step by step. Instead, in other fields of knowledge, the scientist distinguishes where the common people share (as happens with the taxonomic nomenclature of the natural sciences and with the terminology of clinicians), or introduces substances, mechanisms, new processes (which have brought into the languages characteristics of chemistry and of the various branches of the technical / technology / techniques) and so on.”        

This consideration between Natural Language and mathematical Language undervalues, however, the fact that the apparent similarity between the two languages can cause other problems. In the communication of Mathematics the receiver is convinced that the sender, from the moment that he uses that term, possesses the concept and its semantic field. This can cause error in that the knowledge of the term does not generally correspond to the understanding of the concept.   


However, the above mentioned article on Didactic Questions finds its meaningful instance in the analysis of textbooks. Texts from the medieval period to the beginning of the 1800s and from the 1800s to our day (up to the middle of the 1900s) are analysed.
3.0 What is the “sense” of the Philosophy of Mathematics Education? 
In this paragraph, we will try, by means of experimental tasks, to show what could be the “sense” today of the Philosophy of Mathematics Education. One reference is that of reviving “the epistemology of mathematics” as a meaningful current tool for the interpretation of the phenomena of teaching/learning as a tool, an educational product of the social group, considered historically.   
Philosophy of Mathematics Education
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Does the Philosophy of Mathematics Education influence theory and practice?
3.1 “Philosophy of Mathematics and Education”: some considerations
The philosophy of mathematics is generally refused by professional mathematicians in that they don’t consider it useful for their work. 
The philosophy of mathematics is instead much used both implicitly and explicitly by he who is involved with education. This is owed to the fact that to be able to communicate mathematics you are forced to concern yourself with the foundations of mathematics and therefore with the philosophy of mathematics. This in the educational tradition of the 1900s in the west.  
The 1900s then highlighted the problems due to the different approaches to logic and therefore to the philosophy of mathematics. 
Several experimental works also conducted in our university have highlighted that when one works with problems of modellisation in physics, the future teachers of mathematics and physics use different philosophies of mathematics (implicitly) in a very pragmatic way, according to the nature of the problem and the context.  
3.1.1 Implicit Philosophical positions in the processes of modellisation of future Mathematics and Physics teachers.   

The principle hypothesis of the work (Spagnolo & Fazio, to appear) is that future teachers of Mathematics and Physics implicitly have their own philosophy which is then explained in the processes of modellisation. This “implicit philosophy
” turns out to be, in some way, the result of other implicit behaviours of the teachers, of the reading of scientific texts with educational reference typical of the culture of their time. We expect therefore that these implicit philosophical conceptions can indirectly give us indications of the culture of the second half of the 1900s. 
The conclusion which comes out from these data is that the “constructivist” concept is the stronger one. Teaching in the upper school and university instruction have, in the second half of the 1900s, induced, unawares, some behaviours toward constructivism. 
This is quite a meaningful indicator of the fact that a current of thought is established in the didactic practices. 


The 1900s have still to be studied, but experimental considerations of this type could supply indications for deepening the theoretical-experimental work on epistemology, history, and….the conceptions of future teachers.
The most important conclusion of this work which seems to me to be able to be used as an open problem of the discussion group is, “How can we identify the implicit philosophical “trend”? How can we use it in the practice of didactics? 
3.1.2 The role of the logical-linguistics paradoxes in the Chinese and European traditions. 
In many works of my research group as regards the study of logical-linguistics paradoxes in the Chinese and European traditions, they have highlighted the role of natural language as a main element both in te construction of mathematics and in the processes of solving the problems. The role of the paradoxes in the Chinese and western cultures is completely different. In the west, the paradox, within a bivalent logic, represents an element of reflection for a theory (with its own language) which does not have adequate tools to be able to overcome it. In the Chinese tradition, one lives with the paradox.
The history of mathematics in the different cultures is a very important element for the analysis of the philosophical approaches. (Spagnolo, to appear, 2005, 2002, 2005b)
Epistemology, history, and Natural Language are cultural elements consolidated in time and can represent an element of departure for research in the field of the Didactics of Mathematics. 
In the historical period in which we are living, how is it possible to integrate and use the cognitive opportunities of the different cultures? 
Could a complementary approach be a solution to the multicultural nature of the classes? 
3.1.3 Some considerations of the role of experimental Epistemology and the Philosophy of Mathematics Education.
Having considered the “Didactics of Mathematics” its own discipline with its own paradigm which comes from the French school of the 80s, it was uncertain whether to call this discipline “Didactics of Mathematics” or “experimental epistemology of Mathematics”. The choice was made for the first of the two positions.  
The paradigm of Didactic Research is substantially a meta-paradigm in the sense that it uses other paradigms. (See also appendix 4, Spagnolo (1998, 2001), (D’Amore, 2003), (D’Amore & Godino, 2006), (D’Amore & Fandiño Pinilla, 2007) ): 

· of mathematical languages for that which concerns epistemology; 
· of the history of mathematics for that which concerns historical-epistemological analysis (Recovery of the meanings of the Mathematical Languages); 
· of the human sciences: psychology, sociology, anthropology, linguistics, semiotics; 
· of the sciences of education;
· of neuro-physiology for that which concerns a better understanding of learning tied to the knowledge of the functioning of the mind/body. 
We can therefore affirm that, even with different nuances and with different weights, the research in didactics of mathematics uses, in the west, this scheme of reference. It is necessary to remember that these choices are not always explicit or known in the community of researchers. 
4.0 In the Oriental culture 
1. Taoism. The Tao and the Way, spontaneity (tzŭ jan), inaction in the sense of non artificiality or conformity to nature, simplicity, vacuity, tranquillity, and illumination, all dedicated to the search for “long life and enduring vision”. Dagobert (1972)
2. Confucianism. Confucianism concentrates everything on humanity as the highest good, the superior man as the ideal being, and the cultivation of life as the supreme duty of man. Confucius taught the doctrine of the “chung”, or of conforming oneself to the principles of one’s own nature, and of the “shu” or of the application of the principles in relation to other men, thus like the doctrine of the Just Means (chung yung), that is, finding “the way of our moral being and to be in harmony with the universe”. Dagobert (1972) Confucius encouraged constant and continuous dedication to learning, which had to last all of one’s life and that still today constitutes one of the main elements of the growing oriental economy which is inspired directly or indirectly by Confucius.  
3. Buddhism
Interpreting Taoism from a western point of view as “naturalism” and Confucianism as “humanism” turns out to be very reductive, but it gives us a general idea of these two great oriental philosophies. Both of the schools conceive of reality as an incessant mutation and in continuous transformation. Only in 400-200B.C. did the school of Yin Yang highlight the fact that these elements of the Yin and the Yang, fundamental principles, always in contrast, but complementary, represent a common foundation. Taoist metaphysics and Confucian ethics are mixed together, while the theory of Yin Yang works as a connector, tying together, in this way, nature and man in a clear relationship of macrocosm and microcosm.  
To manage the changes, it is necessary to follow the Tao, the Way, the lesser line of resistance, the most profound resonance which can be obtained with the changes in our life. From the oriental point of view, the metaphysics of the Yin and of the Yang allow the declination of the possible nuances existing between the two opposing situations. The visual representation also gives a possible interpretation of it.  
[image: image3.emf]


The counter positioning of the two opposites never happens in a clean way. It always has, as can be seen in the picture, an infinity of other opposing states.  
4.1 The interpretation of some writings of Mao Tse-tung on dialectics
 and on argumentative language. 
The parting hypothesis is that the argumentative language used by Mao follows the Chinese tradition in a much more marked way in that it can not have been influenced by the argumentative systems of Marxism-Leninism with a Hegelian origin.
	Influence of fuzzy reasoning (interpreted as probabilistic reasoning
) and classificatory reasoning.
	Hegelian Dialectics - Dialectics in Mao through the Yin and the Yang

	Vol. I: pp. 29; p. 31: “… I made a classification…”

p. 32: “…there were only 300-400…”

p.39: “the number can fluctuate between … and …” (also in vol. II pg. 459 and vol. IV pp 151, 212,381, 433)

p.115 absolute egalitarianism does not exist and passes to an analysis of concrete cases of the possible nuances. 
Vol. IV. p.392: “Having in mind the amount. This means that we must pay attention to the quantitative aspect of a situation or a problem and do a fundamental quantitative analysis. Each quality is shown in a specific quantity and without quantity there cannot be quality. Even today, many of our associates have still not understood that they must pay attention to the quantitative aspect of things – to the fundamental statistics, to the principle percentages, and to the quantitative limits which determine the quality of things. They do not have the “amount” in mind and it turns out that they cannot avoid committing errors. … Also, in all these cases it is necessary to determine the quantitative limits.”
Observations:

1. The classificatory system passes through the percentages and not through the “relationships”.
2. The use of intervals of approximation very similar to the variables of fuzzy interval. 
3. The always declared will to analyse nuances. 
	Hegel, and successive interpretations of the Hegelian right and left, consider dialectics as the synthesis of opposite:  

a. position of a concept; 

b. suppression of this concept through its opposite;  

c. synthesis of two precedents to preserve that which is affirmative in their solution and in their transition.    

Mao (Vol. I, pg. 316):
a. First phase of knowledge: phase of perception (and of impressions). External facts make a series of impressions come up tied to an approximate exterior link. In this phase man cannot yet form profound concepts not treat logical conclusions. (Examples of social practice)
b. The following of the social practice causes numerous repetitions of things which bring out perceptions and impressions in men, and then it produces in the human mind an abrupt change (a jump) in the knowledge process and the concept is born. The concept no longer reflects the phenomenal aspect, the single aspects and the external links of the things, their set and their internal link. The difference between concept and perception is not only quantitative, but also quantitative. Proceeding in this direction and making use of the methods of judgment and of reductio, one can arrive at a “logical” conclusion.
c. The true task of knowledge is to arrive, by means of perception, at thought, at the gradual understanding of the internal contradictions of things objectively existing, of the laws which regulate these things, of the internal link between one process and another, arriving, that is, at logical knowledge. Logical knowledge makes a great step forward, embraces the set, the essence, the internal link of things bringing one to the discovery of the internal contradictions of the world around him, and can thus seize the development in all of its entirety, with the internal link of all of its aspects.  


	A “classificatory” type of list of things to follow or not to follow” (i.e. p. 111, vol. I; p. 147 vol. I on the classification of social classes in China in that historical period; p. 14-15, vol. II, where the argumentation begins with some questions on one proposition and its opposite, the answers to which are still of the classificatory list type and still on p. 246 of Vol. IV “Directive on the correction of errors in class groups and on unity with the average agricultural labourer”).  
In particular on p.57 of Vol. III in describing a very common stereotype in the party on “descriptive classification”: “ … in their articles and in their discourses, when they write or give a report, first they use the Chinese numbers in upper-case, then the Chinese numbers in lower-case, then the cyclical characters, etc…”.  

Observations:
1. It would seem to be a relational classificatory type of reasoning but it is all reduced to a descriptive classification.
2. In any case, Mao used the descriptive classification, in vol. III on p. 57 he ridiculed this way of reasoning which had become a stereotype for the party managers seeing that it did not bring new knowledge: “…it is none other than a Chinese pharmacy, it is an article that does not have precise content.”
	Observations:
1. In the second phase of knowledge, Mao quoted Confucius: “There is always a relationship with human perception”. This cross-reference to the history of Chinese philosophy recurs in all of these four volumes. 
“Logical” knowledge must be understood here in the sense of Chinese culture. The reference is to the Chinese language. 80% of the Chinese characters are of the associative type which is the way to construct new characters. In the Chinese historical-philosophical tradition there is no reference to Logic as it is understood in the west (Needam, 1981) (Spagnolo, 2005). When Mao speaks of “embracing the entirety”, “gather the essence”, etc… it is referred to the characteristic of this type of character. Some examples of characters by association (ideograms) are covered in paragraph 4.2.2. 
The character, which in this case is an ideogram (by association), is seen in its entirety. 
2. The sense of “embrace the entirety” etc.. could also derive from the meaning that is given to the word “show” in the history of Chinese mathematics. In the Canon of the “9 chapters” Chemla takes into consideration the research of a “fundamental algorithm” for classes of problems. Such a “fundamental algorithm” would represent the analogous operation of the hypothetical-deductive system of western culture. 
3. In the third instance of the dialectics presented by Mao “becoming” in the Hegelian sense is never taken into consideration. In the tract “On contradiction” (I Vol., p. 335) he also makes some mathematical examples when he analyses the contradictions in terms of   “* e -, differential and integral, etc…” That is, he highlights that which is already found inserted in the Ying and the Yang and that is the presence of opposites in the most disparate of situations.  
4. We can thus outline the dialectics presented in the works of Mao: a. The first two include the internal contradictions (Ying and Yang; b. Overcoming. Almost generalisation in the sense of the research of the fundamental algorithm. 


This is perhaps the greatest difference with respect to the western way of seeing. In Chinese philosophy nothing is cleanly divided into black and white, not even the interpretating colours in the Ying and Yang circle. Nisbett (2003) maintains that, “The dialectic thought which developed in China is neither the Platonic understanding of dialectics (as art of discussion) nor the dialectics of Hegel or of Marx, in which they look for conflictual solutions (for example the interests of different social groups). Oriental dialectics accept the contradictions since only through them, in their way of viewing things, does the truth become recognisable.” Nisbett, together with Peng, looks to analyse oriental dialectics through the following principles: 
1. Principle of mutation: reality is a process subjected to constant mutation;
2. Principle of contradiction: since the mutation is constant, so also is the contradiction; 
3. Principle of holism: since everything changes continuously and is continuously found in contradiction, nothing, in human life as in nature, can be understood independently from any other. Everything is connected. 
This has brought a tolerance of paradoxes which is absolutely not present in western culture. 
4.1.1 Kosko’s point of view on the paradoxes in oriental and occidental culture. 
Language, especially the mathematical language of science, creates artificial demarcations between black and white, while reason or good sense softens them: reason works in contrasts. 
	Bivalence
	Polyvalence

	Aristotle
	Buddha, Ying/Yang

	A or not A
	A and not A

	exact
	Partial

	All or nothing
	In a certain measure

	0 or 1
	Continuity between 0 and 1

	Digital elaboration
	Neuronal network (brain)

	Fortran
	Natural Language: Italian, English, …

	bits
	Fuzzy units: Fits




The middle point on the line is a “paradox” for Aristotelian logic. For fuzzy logic it is the point where there are some half truths and where A is equal to not A (Ying-Yang equation).  

In bivalent logic, the paradox is neither true nor false. It does not make sense within the language taken under examination and of the context.  

Let’s consider the following concrete situation:  

An audience: two people.

Question: Are you happy with your work?
Raise your hand to answer this question. 

The hand will not always be raised in the same way: fully raised, partially, etc… .
The following diagram analyses the possible situation with the presence of only two people. The model can surely be expanded for n people. At every vertex of the square there is a corresponding situation limit: (0 1) only person 1 raises his hand, (1 1) both raise their hands, etc… 



Person 1: raises his hand 33.3 % (1/3)

Person 2: raises his hand 75 % (3/4) 

 (1/3, ¾)
A

The answer of the opposite audience is (2/3, ¼)

non A

A and non A is equal to (1/3,¼) and non is (0, 0) that is the empty set. The first position is that of fuzzy thought (ying and yang). The other is the Aristotelian position. 
We show this in another diagram. 
                                     (0 1)                                                                (1 1)            

                                       3/4                                 

                                       1/4

                                      (0 0)                   1/3                   2/3               (1 0)                      

If the answers are less fuzzy, the smaller square gets larger toward the non-fuzzy angles.
And in this case, we have Aristotle.





If, instead, the answers become fuzzier, then the inside square moves in toward the middle point. In the limit case the square collapses in the middle point (all the people raise their hand 50%). Then A and not A (Ying Yang) at 100%. A = A or not A = A and not A = not A. (There is no distinction between a half full or half empty glass)
Aristotle dominates in the surroundings, Buddha in the centre. 
The middle point is the black whole of set theory. 
The idea of the representational type shown above is by B. Kosko which consists in representing each fuzzy subset of X by means of a point in a system of Cartesian coordinates. 
4.2 The concept of the TIZHI system in Chinese education. 
On the occasion of an international conference on the efficiency and improvement of the schools in China in September 2005 at Shenyang in the Lianong region, I had the possibility to regain my contacts with China.  

From 1984-1986 I had my first contact. With a project of International cooperation, 4 young Chinese graduates from the Guanxi region come to Palermo. Amongst these, there was a mathematician, Ou Ye Lin. On that occasion I gave some mathematics lessons to a young Chinese immigrant to Palermo and with the help of Dr. Ou Ye Lin, I analysed, for the first time, the relationships between the history of Mathematics, natural language and mathematics learning in a cultural situation different from the western one (Spagnolo, 1986).

I took up these studies again (Spagnolo, 2002) on the occasion of the 13th meeting of the I.C.M.E.
 (International Congress on Mathematics Education) on the EAST-WEST comparative study in the didactics of mathematics. Most of the participants were of oriental origin including some transplanted for several generations in the U.S.A... 

Starting from 2002 I began, again with the help of my research group
, systematic works (Spagnolo F., M. Ajello, Z. Xiaogui, 2005a, 2005b) of comparison of reasoning diagrams in the solution of mathematical problems treated by the Chinese and western tradition. These tasks were conducted in Italy (Palermo) and in China (Nanjing).

Why did the work on the Chinese system (Tizhi), analysed by Prof. Sun, interest me as a mathematician?  

My principle interest is in the argumentations that are used in the course of the work, but also my curiosity about the organisation of the Chinese scholastic system (Tizhi) at the beginning of the 21st century.  

The text of Prof. Sun very carefully analyses the Chinese scholastic system; also in its historical evolution. The book is provided with many official documents from before 1978 and after. The process concluded with the presentation of the guidelines of the current programmes, also supplying a reference to the underlying Philosophy of Education.    


4.2.1 Which argumentative tools 
In the introduction to his book, in paragraph 1.1.3, he states his own design of research. To be able to define the system (Tizhi) in a clear way, also for the western public, at the second point he states he has followed a method that is “conceptual, analytical, technical from the philosophy of education”. Following this is the proposal of a conceptual model of tizhe education which he maintains “… need a deductive process”. However, “…we also need an inductive process to go beyond cases, and dialectic process, like abduction, that fits induction and deduction together”. The interpretation of the dialectic process is seen as an adductive process where deduction and induction are together. In this, his first declaration, there is a strong tie to traditional Chinese culture. Aristotle and Hegel are not part of the Chinese cultural tradition. The interpretation of dialectics in China is different from that in the west.
. Now, the understanding of Sun’s holistic approach to the presentation of the Chinese scholastic system in the XXI century cannot be fully understood if one does not take into account two very important elements: 1. the structure of the written language; 2. the conceptual approach for modellising the phenomena of reality. 
4.2.2 Some observations on written Chinese language. 
The Chinese characters are classified in seven large categories or meta-rules of composition. The ideogram represents, in Chinese, one of the rules of composition of the fundamental characters.  

Needham reports a classification in six classes
 and he examines them in this way: 
1. Hsiang hsing, lett. Form of the images (pictograms). Designs reduced to the essential, rendered conventional to then be stylised.  

2. Chih shih, lett. Indicators of situations (indirect symbols). 

3. Hui i, lett. Meeting of ideas (composition by association or logical compositions). This third portion of characters is composed of semantic compositions of two or more pictograms, which form those that we can call compositions by association. Thus, fu, wife, is composed of the signs for woman, hand, and broom; …We have, therefore a kind of equation: li(field)+tien(strength)=nan(man). Such equations constitute a semiconscious, mental background for he who acquires familiarity with the language. Needham uses the expression logical compositions in a note believing it to be unacceptable. His point of view is the western one where the expression “logical” has a historical-epistemological connotation that is completely different. Instead, I believe that the reference to logic should be understood in the historical-epistemological tradition of Chinese culture. They represent about 80% of the characters
. There are words composed of only one ideogram, of 2 of 3, etc… .
	好
	woman 女 + child 子 = pleasure (women like children)

	見
	Eye 目 + a man's legs = to see (what the man can do with the eye)

	休
	man (simplified form of  人) + tree 木 = rest, break


Examples of Ideograms (huìyì 会意的) by association 
míng 明, luminosity, rì 日, sun and yuè* 月, moon
奻 [nán] [nàn] quarrel. 女, woman.
男  nán, man. 田 field. 力 strength.
老 师 lǎo shī. 老 old, venerable. 师 master, instructor
教 受 to teach, to give, university teacher. It would seem that the ideogram means give and accept. 受 receive, accept, to be subject to supervision, stand. 教 [jiào] to teach; 

教授 jiàoshòu; professor. 授 [shòu] to give; to teach. jiàoyuán 教员[-員] teacher, instructor /míng/wèi. 员 person involved in certain professions, competent.
4. Chuan chu, lett. Transferable meaning (symbols of reciprocal interpretation). For example khao (examination) was derived by Lao (old) in that the young are generally examined by the old. These characters could be part of the preceding classification, for example.  
5. Hsing sheng, lett. Tongue and sound (phonetic determinatives). These characters are thus composed. “A derterminative (radical) is added to the phonetic sign to indicate the category within which one must look for the meaning of the word. So, all of a series of words having the same sound, or very similar, can be written without the possibility of confusion.” (Needham, 1981, pg 38)

6. Chia chieh, lett. Loan (phonetic loan characters). Its formation is almost analogous to the preceding; the manner of putting the characters together changes. 
Analogous classification is reported in all the Chinese grammars and also in other texts on the history of Science in China as in the volume of the Treccani Encyclopaedia (pg. 108):
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4.2.3 The references to Mathematics, the reasoning and the conceptualisation. 
Therefore, the references to mathematics which we have encountered with the Chinese language are: 
1. Algebra as a significant element for the construction of new characters of the “ideograms” type, by association, of the logical type. This aspect has not been studied very much, but I think that it is one of the elements that brings us to identifying a “logic” which is different from the Aristotelian matrix. Perhaps the reference to fuzzy logic, brought up by Kosko, and by several experimental works of Nisbett, can be an interpretive key. In western culture it was geometry which had relationship with logic. At least until the end of the 1800s. 
2. The order in which the characters are written has very precise rules: 1) from left to right, 2) from the top to the bottom, 3) first everything which is inside and then the figure is closed. This involves an exercise of ordering which is not banal, both for alphabetical ordering and for the symbolic one. The ordering that we do with rules, colours, etc. here is carried out on abstract symbols and with rules that manage to have meaning only at the conclusion of the writing of the character. Computer programmes force the order of the strokes.  

3.  The reference to reasoning-conjecturing and proving. K Chemla (2001, 2004) in analysing the mathematical text of the “Nine Chapters”, the equivalent to Euclid’s Elements for the Chinese people, considers the algorithm the demonstrative tool of the Chinese cultural tradition. In particular, the demonstrative procedures have meaning in the solution of classes of problems. The key concept which organises the description of the nine chapters is that of “class” or “category” (lei), plays a primordial role in the commentaries. The “procedures” serve to comprehend the categories. Pose a problem (wen) relative to a category and, with this subterfuge, understand ten thousand situations, that which is called “street knowledge”. It is, therefore, through work on the procedures, that the classes of situations are determined. Perfection is defined in terms of simplicity and generality. 
4. This last consideration, presumably involves another. Working by concepts and by conceptual maps should almost be a consequence of the fact of always looking for a “fundamental algorithm” with relative procedures for solving “classes of problems” which are ever broader and by “analogy” (see associations in the construction of characters) to be able to “control” and “foresee” complex situations. This is that which Nisbett maintains is the holistic approach of the oriental cultures. 
4.2.4 Some argumentative elements of the text of Prof. M. Sun.

What is the Tizhi?
It is none other than “logical” interpretation within the formation of the characters by “association” (Ideograms) and it represents that which Nisbett maintains is the holistic approach of the Chinese culture.
Therefore, the “Tizhi” “…not include only one factor, but many factors …”, the framework is “…related to tizhi education, for instance, people, educational events, physical matter, activities of different levels and different kinds of education, educational organization, and educational regulation and so on.”, “…they form a unity…”.(Sun, p.143)

In the same way the character by association then represents a oneness, even if it comes from other different characters, the “tizhi” represents this element of conceptual organisation of knowledge applied to the organisation and the management of the public school.
The conceptual maps present in the book (ex. p. 158-161) are to be considered as diagrams of this type and the “relationships” indicated with the arrows as references. The “relationship” does not have the same meaning that it can have in western culture. When one thinks of “relationship”, in western culture, it refers to the “relationships of equivalency” in the Aristotelian classificatory sense. The lists of relationships (ex. p. 48, 84, 125, etc…) represent perhaps more than not “definitions” of the listing type. 
In paragraph 2.1.5, after having analysed five types of definitions
: “stipulative definition, lexical definition, precising definition, theoretical definition, and persuasive definition” (p.34) he concludes “…in my research, we cannot use all five types of definition to define the concept of tizhi education” (p.35), intending to give it a definition in chapter 6. However, the “definition” exhibited in chapter 6 is strictly tied to conceptual maps which are connected to each other. 
Then, the expression referring to the method used by Prof. Sun with regard to the approach “conceptual, analytical, technical from the philosophy of education”, becomes a bit clearer. The analytic stands for “critical analysis”, in the sense expressed above, of the possible inferences between concepts or conceptual fields: “the study of tizhi is also the study of a concept” (p. 33). The complete framework of reference together with the definition of the “tizhi” understood as “logical system” for managing these conceptual fields with regard to the educative phenomena represents the “philosophy of education”. In paragraph 1.3.2.2 “Generating categories” this is the sense of the discussion. Categories can be generated by this construction in conceptual maps. 
Sun on pg. 155 states: “We should use the holistic approach to study tizhi education, so as to avoid unilateral ideas in understanding tizhi education. Consequently, we should establish a framework for tizhi education which should include basic factors and tizhi sub-education.” Once more, this “holistic” system of knowledge which is presumably also tied to the system of the conceptual maps is highlighted. 
All this is in the direction of the construction of a “tizhi model of education” (p.21). It also explains the fact that the construction of a model is none other than the systemisation in conceptual maps. Again, on pg. 264: “…my conceptual model is more specific and adaptive than the starting point model. Since the starting point model of tizhi education consists of only two factors and three tizhi sub-education, if we put this model into practice, say, at the state level and school level, the reform will result only in two-factor reform, the education organization reform and the education regulation reform …”
“Deduction” is understood as “…an inference in which I claim the conclusion follows necessarily from the premise” (Sun, p. 21), that is “inference”. 
The inference is presumably tied to the adductive process
. As a matter of fact, in chapter nine regarding the conclusions, Sun states, “The research reported here is the result of conducting a process of adduction at different levels of education …” (p.263).
The term “dialectic”, after having been presented in the introduction, is never taken up again in the course of the treatment of the book. And it is not by chance to take up again the conception that the Chinese have of dialectics in their interpretation of Marxism-Leninism (Nisbett).

Where is the difference with the past? There is a very successful attempt to be able to see the future, with all the possible cognitive ties to western culture, but with an always attentive glance at the past. On the other hand, the cognitive style induced from “natural language” is almost always unknowingly (or sometimes knowingly) present. 
5.0 Education and school in a globalised world. 
Between the end of the XX century and the beginning of the XXI century several International organisation such as OECD (Organisation for Economic Co-operation and Development, 1999) and PISA (Programme for International Student Assessment), decided to monitor the results reached by the students in different disciplines in almost all countries of the world. The results of the PISA tell us that, of the students at the end of obligatory school (on average 10 years of study), at the beginning of the XXI century, 40% manage to solve only very simple tasks. “These students identify, with difficulty, the principle theme of a text and cannot manage to establish an evident connection between pieces of knowledge which are used in daily life.” (Bottani, p.379)
At this point, one wonders what the role of the school could be in a globalised world if students, who have attended 9 or 10 years of school, do not understand what they read and are therefore not able to know how to use the information contained in the text read.
“In general, the level of instruction of the new generations has improved for all, but the gap in the possibility of access to higher level forms of instruction between holders of diplomas of a technical-professional nature and holders of diplomas of general culture has remained intact.” (Bottani, p.380)

Another disturbing given is the one relative to the fact that a high percentage of fifteen year old students in many countries does not have any desire to go to school, preferring to stop attending it.  
5.1 Open educative problems. 
1. Students would like to be taken seriously by the teachers, even following courses which are difficult and structured in a rigorous manner; particularly mathematics and the sciences. 
2. The epistemological and psychological constructivism of the 1900s has offered the theoretical basis for founding scholastic learning (and not only). That mental categories reside in human activity and in biological organisation has been acquired by and brought to socio-constructivist theories. The conclusion is that the teachers are no longer the only fonts of knowledge for the students.    
3. Managing to reconcile “… two distinct universes: that of the students, who possess and use a range of very different languages, and that of the teachers, to whom the task of imposing codified, stereotyped language is entrusted, that still serves as a measure to confirm the order of legitimate discussion, or rather the authorised discursive practice of the various systems of power. The generational exchange of the body of teachers will not automatically regulate this phase displacement, but it will take twenty or thirty years to accomplish it: in primis, because probably the difference between the linguistic behaviours of the teachers and those of the students could remain more or less unaltered, in that all discursive practices evolve and secondly, because the teachers, recruited and trained by scholastic institutions, cannot do other than use the codes of communication legitimated by the institutions and the strategies of socially recognised communication of the institutions of power which manage and maintain the school.” (Bottani, p.381)
4. Passage from a disciplinary canon from a medieval mould to a new canon which takes into account complex and multidimensional cognitive tools and also under the linguistic aspect. This could bring us to a redefinition of the architecture of scholastic systems which are currently based on that of the 1800s.

5. To what extent is the school project inspired by the Enlightenment, or rather the desire to create a society of free and equal men thanks to the education extended to everyone still valid?  
6. Can instruction of the young generations prolonged in time (no sooner than 30-35 years old can one get a PhD) allow a country to be competitive in the global market? Is this competition necessary? Is it necessary to think of other development models? 
7. What has the managerial transformation
 of the school meant?  Can scholastic autonomy, in an exacerbated regime, guarantee instruction for everyone, even for the weakest?
6.0 Conclusions. 
The problem today is that in a “truly” globalised culture, whether economically or in its means of communication or in its cultural exchanges, it is necessary to keep the contributions of the different cultures in just consideration. “Complementarity” could be a solution which the man belonging to the “Earth” in order to survive, today more than ever, needs to know the different cultures in terms of ever more diversified “knowledge”
 which can allow a greater adaptation of the human species to future situations. 
The different approaches to research in the didactics of mathematics, to the different Philosophies of Education, I believe is a road which can absolutely be travelled over by our scientific community. 
What are the open problems of research?  

Surely they are many and all are tied to the difficulty of being able to interpret the phenomena of teaching/learning. 

However, we can already identify some with regard to: 
1. The theoretical reflections can be concerned with:  

a. A deeper study of the structure of natural language (also with the help of linguists);
b. A deeper study of the use of epistemology and of the history of mathematics for the interpretation of the phenomena of teaching/learning. 
c. A study of different tools of interpretation of these so complex phenomena both from the linguistic-communicative (semiotic) point of view and the logical-linguistic (fuzzy logic) one;
d. A study of the relationship of neuro-physiological research and mathematics.  
2. The applicative reflections can be concerned with: 
a. The study of particularly functional situations/problems to the problems of multiculturalness. In the sense that they can highlight the greatest number of solution strategies, reasoning diagrams, processes …; 
b. The qualitative and quantitative study of the socialisation processes of the individual cognitive paths of the pupils (analysis of the validation phase of a-didactic situations); 
c. The study of didactic innovations as sources and stimuli for the creation of didactic situations which are appropriate for multiculturalness. 
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Appendix 1 - “Pedagogy or Education” from 1900 to today: Some references.
	Occidental Culture
	Oriental Culture

	Reaction to Positivism in Europe 
	G. Gentile, G. Lombardo roots; 
	The indications that we have in the west do not allow us to adequately develop an organic reference. They remain therefore as open references. 

	Introduction to Psychology, Psychiatry, Medicine 
	J.M., Baldwin, Fr. Galton, J.McK. Cattell, A. Binet, E. Claparède, J. Dewey, O. Decroly, M. Montessori
	

	Psycho-pedagogy, with contributions from Sociology, Anthropology, Biology (on the basis of a Darwinism rethought in dialectic terms and of a logical instrumentalism inspired by S. Peirce)
	E. Claparède; 

J. Dewey guides the passage from Pedagogy to “Education”. “Theory of Education”, “Science of Education”: “Therefore, pedagogy, essentially draws, on one hand, from human sciences and with the philosophy of education (which is philosophy tout court), and on the other hand,  from the direct experience of educative and social transformations which are undertaken, if possible, in experimental and controlled form.” 
This is one of the elements that has allowed the exportation of Dewey’s model to nations of Marxian inspiration (Soviet Union (1917-1929) and China (1919-1921 and the 80s).
	

	Max Weber (relationship with the social sciences)
	
	


Appendix 2 – The global village, XXI century AD., Marinoff, p.57
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Appendix 3 – Ideograph of four civilisations, from 5000BC to 1900AD, Marinoff, p.15.
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Appendix 4. – Didactics of Mathematics – Communication of Mathematics – Experimental Epistemology – Semiotics: A reference diagram.


A reference model for an Experimental Epistemology. The diagram consists of the Verbal Linguistic Plane – Non verbal language and strictness – imprecision. Perpendicular to this plane there is the one of time which allows re-seeing the semiotic phenomenon (metalogic) in a dynamic vision.   

The a-priori analysis of the Theory of didactic Situations can allow, according to the depth of the analysis, a “forecast” of the temporal evolution of the didactic phenomenon. 
[image: image7.jpg]
Notes Fig. 1.

Note 5 : In the semantic of possible world of Kripte, The intention is the same thing that the Sinn was in Frege mind. The intention of a word isn't defined like a function which can give us the extension. If we consider the phrases "the ant drives the car" and "dog flies" a conventional semantic can say that they are impossible objects, an intentional semantic establish that their intention in the real world establish that it is the same, so, nothing. But, their extension isn't anything in other possible worlds where the two terms have the same extension. In the moment in which they need to recognise contradictions, the intentional semantic creates problem because has a useless extension in all the possible worlds. The formalisation of intentional logic drives to expression like functions of functions, each of them is functions of functions. The order of calculus establishes the comprehension which we can have. The intentional logic, and so, the intentional semantic inspiring to an ecological realism (Putnam), substitute to the possible worlds of the intentional logic (Montague) the “situations”.

Note 6:  the term inaccuracy can be integrated with Vagueness, Ambiguity, Indecidibility. The notion of “ambiguity” isn't only bounded to the presence (with) of more than one meaning, but it can be also associated to the same message or also to the ambiguity is propriety of every language.

Note 7: In the sense of Tarski and Gödel: “…in relation to particular formal system.”  

· In the 1st quadrant Verbal Languages – Rigour, we can indentify the three currents of thought relative to the systemisation of Mathematical Languages and that is Logicism, Formalism, and Structuralism. However, at the moment in which this quadrant is seen in the Time dimension (third axis) we find ourselves having the historical-epistemological evolution of the mathematical languages according to the interpretations given by the various currents of thought. The analysis that is done in this context is that of “Knowing” established and codified in a specific historic period and at the same time the evolution of Knowing in history.
· In the 2nd quadrant Verbal Languages – Imprecision, we find non formalised Semantics and the Pragmatics of verbal communication. Also in this case, the Time dimension allows us to historically analyse the evolution of Semantics and of the tools relative to the Pragmatics of verbal communication (analysis of the text, hermeneutics, etc.). 

· In the 3rd quadrant Imprecision – non Verbal Languages, we find, for example, the visual languages, body languages, and mental images. In this quadrant the Time dimension is difficult to frame in an activity of the historical-epistemological nature, even if in the history of mathematics mental images have had an important role in the setting up of the languages. This quadrant covers an importance as regards the learning subject and his history.   
· In the 4th quadrant non Verbal Language – Rigour, we find the Pragmatics of non verbal Communication: analyses of non verbal behaviours. In the history of mathematics a meaningful example is supplied by the “Italian School of Algebraic Geometry” in the last century in the instance in which setting up a grammar was tried relative to mental images for the solving of geometric problems. Inserted in this quadrant are Psychology, Sociology, the Science of Education overall for that which regards the study of behaviours and for that which is concerned with verbal language we refer to the 2nd quadrant. In short, these disciplines are between the 2nd and the 4th quadrants.  

· The 3rd and 4th quadrants in the Time dimension can recall the History of Mathematics seen in the dimension of Art. 
· In the reorganizational process of the mathematical languages are the 2nd, 3rd, and 4th quadrants which verge on the 1st (syntactic ascesis). This process can be easily explained with the statement that all formal languages are constructed and set up thanks to Natural Language. The model set up by Rotman and Peirce foresees, for the mathematical Subject, a division in three parts: a Person, a Subject, and an Agent. “The Person is that who does mathematics in an informal way; the Subject responds to the imperatives of proving and defining bringing to life a world with imagination, and assigning to a double, Agent, the task of carrying out various imagined actions. The Agent is an idealised version of itself which carries out the imperatives as a robot working only with signs without meaning. In the passage from Person to Subject the indicant signs are forgotten. In the passage from Subject to Agent sense and meaning are forgotten.”
  Can this triadic model of the Subject who does mathematics also be used for the Subject who learns mathematics? The passage from Semantic Fields to syntax has not been sufficiently described or, sometimes, it has been passed over. Perhaps it is the Theory of Situations that regains some controllable and reproducible models for a return to “sense”. In the mathematics community there are today many declared Agents and few persons. 


This reference diagram can be read in a didactic Communication situation and taking into account the Time dimension of the following points of view:
· From the point of view of “Knowing”: Historical-epistemological itinerary. The analysis of extensional semantics: Historical-cultural evolution. The analysis of intentional semantics: epistemology of the possible worlds.
· The point of view of the Pupil: Evolutions of the conceptions (in a semiotic sense which takes account of the reference of plan of the 4 quadrants) as a function of a context (Didactic Situation). Intentional Semantics intervene in the research of the referent (2nd quadrant) and in the research of the conditions of truth.   
· From the point of view of the Teacher: Evolution of its own epistemology and control of the one relative to the pupil-knowing relationship.
· From the point of view of the Researcher: The evolution of the didactic situation. The epistemological Obstacles are framed in this perspective. Intentional semantics intervene in the moment in which the expected behaviours are analysed in an a-priori analysis of a didactic situation (Conditions of signification).

It seems to us interesting to refer to a model regarding Algebraic
 language which considers three dimensions of algebraic language: 

· Axis x: natural-written symbolic language; 
· Axis y: semantic Syntax; 
· Axis z: Relational-procedural.


The three dimensions highlight the background in which the processes of algebraic thought are carried out. The following diagram highlights the existing relationships between the dimensions. 
[image: image8.jpg]

Extracting for the preceding diagram only two axes, we obtain the following relational plane which allows us to better analyse several aspects of algebraic language according to the noted classification of mathematics historians: rhetorical Algebra, syncopated Algebra, and symbolic Algebra.   
[image: image9.jpg]

These two diagrams are derivable from the diagram of Fig. 1 of this Appendix and in particular with regard to the first two Quadrants. The analysis of Pragmatics of the communication of algebraic thought is then managed by a description of didactic situations on several appropriately chosen “cases”. The analysis is based on a use of the triangle of Frege Sense (Sinn) –Denotation (Bedeutung) – of an expression (Zeichen) applied to algebraic language. The semantics are intentional. The changes of concept are interpreted by means of transformations of the triangle of Frege.  

Conclusions

The presentation of this diagram poses a series of questions regarding the problem of the distinction between a structural logic typical of a use of semiotics as an interpretive tool of linguistic phenomena in a static vision (research of invariants) and a dialectical logic which takes account of the historical evolution of the semiotic systems. In this context, the use is of the second type in that one tries to analyse and interpret the didactic phenomena in the diachronic and synchronic evolution. In all this, the problem of adaptation to the environment, both neuro-physiological and cultural has a considerable place.  

This interpretation of the Mathematical languages seen in their semantic-syntactic-semantic evolution through the system of reference of Semiotics by a greater possibility of interpretation of the “didactic phenomena” in all the possible dimensions from the formalised languages to the non verbal languages (behaviour analysis) and all this takes into consideration the historical evolution of the mathematical languages. An evolution which has different planes of reading from the recovery of “meanings” to the syntactic reconstruction of the languages.   

Can we consider this approach Constructivist (Piaget, Bishop, Brousseau) or Logicist Pragmatic (Lolli)? 

We have already seen that the classical points of view of the Philosophy of mathematics can be inserted into a more general vision. Today, the problem is not that of referring oneself, at least temporarily, to a single theoretical interpretation of mathematics and of the Communication of Mathematics. Perhaps it is necessary to be more obliging in the use of, according to the situations, different theoretical reference systems keeping the generalisations without, however, becoming too attached to them. In the 1900s Semiotics had, and in part still has, generalisation as its aim. Can all the phenomena of the Mathematical and Communicative Languages be interpreted with Semiotics?     

The problem, for example, remains open as to whether genetic and neuro-physiological phenomena are subjects for the semiologist. Umberto Eco’s answer is negative while informational theories of genetics and of neuro-physiology are subjects for the semiologist. At this point, the neuro-physiological phenomena should be confronted using paradigms of research in the experimental sciences. And, what will the relationship between these theories and the paradigms be? 
I would like to thank Pietro Nastasi and Benedetto Di Paola for having discussed together with me several aspects of the present work. 



Philosophy








Mathematics








Education





Philosophy of Mathematics Education




















                A                A and not A 





                          .








           A and non A          not A                








(0,1)                                (1,1)


persona 2


¾   -











(0,0)          1/3               (1,0)


person 1








0                                            ½                                           1











Islamic Civilization





Indian Civilization





Oriental Civilization





Western Civilization





I Ching





Islam





Islam





Maometto





Buddhism





Buddha





Hindian Philosophy


(Hinduism)





Veda





Sinica Civilization





Vedic Civilization





Christianity





jesus





Judaism





Abhram





Abrahamic Religions





Science





Aristotle





Plato





Socrate





Ellenic


Civilization





Global Village





Islamic Civilization





Oriental Civilization





Western Civilization





Indian Civilization





Confucianism





Taoism





Buddhism








Confucio





Lao Tzu








� 1G.R.I.M. (Research Group on the Teaching of Mathematics), Department of Mathematics, University of Palermo, via Archirafi 34, 90123 Palermo (Italy). � HYPERLINK "http://math.unipa.it/~grim" ��http://math.unipa.it/~grim�
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What is the significance of philosophy of mathematics education? 


What are the relationships between the philosophy of mathematics education and other kinds of philosophies, such as educational philosophy, philosophy of mathematics, social philosophy, etc.? 


In what ways do different philosophies of mathematics education influence its theory and practice?


Do researchers and practitioners of mathematics education need to adhere to a philosophy of mathematics education? 


Does the choice of a philosophy of mathematics education modify the results or influence their work? 


Are they influenced by philosophies of mathematics education other than the one they adhere to?  


How can adherents to different philosophies of mathematics education carry on a dialog? Or, is dialog limited to certain areas and not viable for others?


� Dialectics in the history of the occidental culture have at least four different interpretations: 


1. As method of division (Plato, technique of associated research which is carried out through the collaboration of two or more people, Socratic dialogue); 


2. As logic of the probable (Aristotle, as rational non demonstrative procedure, examples of syllogism which begin with probable premises);


3. As logic (Stoics, identified with that part of logic which is not rhetorical, science of discussing correctly in the discourses that consist of questions and answers);


4. As synthesis of opposites (Hegel, a. position of a concept; b. suppression of this concept by means of its opposite; c. synthesis of the preceding two to preserve that which there is affirmative in their solution and in their transition.   


� The term Pedagogy is also understood in the west as “philosophy of Education”. 


� The term “Education”, in the Anglo-Saxon world, also includes the term Pedagogy. This is due to the transformation worked out also in function of “philosophies of education” which include this term. There still exists in France, Italy, and Germany the distinction between “Education” and “Pedagogy” given the fact that in the history of Occidental Philosophy, at least until the 1800s, the term “Pedagogy” had connection to a theoretical-philosophical layout, while the term “Education” had a connection with the operative tools, techniques, etc..    


� See paragraph 4.2.


� George Berkeley (1685, 1753) an archbishop, was one of the most severe critics of infinitesimal calculus especially as regards the syntax of the language. His criticisms, which had theological motivations, were a great help to the mathematical community towards a better systemisation of infinitesimal calculus.  


� In this regard, see the text of Imre Lakatos, Dimostrazioni e Confutazioni, Feltrinelli, 1979, Milano.


� First order predicative logic uses quantifiers that are limited to the individual variables: (, ( referred to single mathematical objects. 


Second order predicative logic uses quantifications of predicative variables and/or functionals.  Two species of variables: 1) varied on the elements of the structures; 2) varied on the subsets of the structures.   I infinitary languages are included (i.e. classical analysis). 


� Les Grandes courantes de la pensée mathématique (F. Le Lionnais), Cahiers du Sud, 1948.


� One or the particularly active neopositivist movements was the "circolo di Vienna" (1929-1936) which, through critical reading of the Tractatus Logico-Philosophicus by L. Wittgenstein (1922) deduced the logical-syntactic setting of  the critical analysis of the cognitive value of the sciences. Amongst the more authoritative exponents were: M. Schlick, R. Carnap, O. Neurath, F. Waismann, K. Gödel, and K. Popper.


� An association of mathematics teachers which already, from the end of the 1800s, worked nationally with aims tied to the diffusion of mathematics education. Since 1908, the aims of the association have also been of a scientific nature.


� From the Preface of Volume 1 (part 1) by L. Berzolari, G. Vivanti, D. Gigli. Pavia, Milano, 1929.


� We refer, in particular, to several texts for the post-university preparation of mathematics teachers which in a specific historical period had allowed this very important passage in didactic transposition: 


M. Cipolla, La Matematica Elementare nei suoi fondamenti nei riguardi didattici e negli sviluppi superiori, Ist Edition in 1927, Arti grafiche Cav. Uff. Giuseppe Castiglia, Palermo, Via Saladino. In a more recent edition: Matematica Elementare (edited by L. Chiara), 6th edition, 1962, Ed. Palumbo, Palermo.


A. Chiellini - R. Giannarelli, L’esame orale di matematica, 1962, Libreria eredi V. Veschi, Roma.


A. Chiellini - L. Santoboni, Raccolta di temi di matematica per la preparazione ai concorsi, 1959, Libreria eredi V. Veschi, Roma.


Pietro Tortorici, Quaderni Didattici sulle matematiche Complementari, Arti Grafiche A. Renna, Palermo, 1952. (13 monographic notebooks which treat the subjects for the competition preparation)


� For “Noosfera” we mean the group of Associations, Official Institutions, magazines, etc…


� Until the second half of the century many university teachers came from the upper secondary school.  


� The expression “epistemological” was foreign to Italian education at the beginning of the 1900s. 


� Today we would say that the subject transforms “knowledge” into “knowing”. To sum up, it is the phenomenon of “devolution” which Guy Brousseau (1997) explained very well in his Theory of Didactic Situations. 


�Enciclopedia Matematiche Elementari, Volume three part two. 


�This concept of “implicit Philosophy” is already present in several of the reflections of Changeux & Connes on the relationship between Neuroscience and Platonism today: 


"For the constructivists, the mathematical objects are organisations of reason which exist only in the thought of the mathematician. And not in a platonic world independent of matter. They do not exist if not in the neurons and synapses of the mathematicians who produce them and of those who under stand them and use them.”(p.18)


The fact that mathematical objects exist independently of any material or cerebral support is the position of the Platonist which is considered from the neuro-physiological point of view as a phase of thought.


“When the mathematician works out the rules of exclusion, a formalism, he constructs a universal language, and that permits him to recognise the properties of the object had he previously constructed. In practice he doesn’t “discover” but the consequences of what he has imagined!”  (Changeux, op. cit. p.26)


Platonism would be therefore due to an Exchange between construction of language and awareness of the same (recognising the properties of the mathematical object which was constructed before). This position finds its final confirmation in the fact that the mathematical objects are “cultural representations” which propagate, bear fruit, and are transmitted from brain to brain. “They possess specific properties, in particularly that of coherence and that of “interior necessity” (….) which confers them with an “appearance of autonomy”. (Changeux , op. cit. p. 38)


It is precisely the appearance that gives the sensation of discovering this Platonic reality. 


The historical evolution of mathematics puts Platonism back into discussion in the sense that, the fact that one can devise mathematical objects in a mathesis universalis put into discussion again by a new theoretical systemisation does not seem credible.  


“The history of mathematics is by no means linear. It is made of controversies, debates, divergences, renewals, incessant updates … in short, it has the impression of having to do with cultural objects, produced and used by every stage of the development of our civilisation, and redefined in relationship to the evolution of other cultural objects, which are not necessarily mathematical.” (Changeux, op. cit., p. 39)


� Here we refer to the official works regarding articles written in different periods of the Chinese devolution: Vol. I (1924-1927, First and second revolutionary civil war), Vol. II e Vol. III (1937-1945, War of resistance against Japan), Vol. IV (1945-1949, Third revolutionary civil war). The analysis was conducted taking into account only the argumentative indicators regarding tools: dialectic and classificatory. 


� For an analysis of this position see Kosko (1995) and Spagnolo (2003).


� L’ICME is the sub-commission of the International Mathematical Union, IMU.


� G.R.I.M. (Gruppo di Ricerca sull’Insegnamento delle Matematiche) � HYPERLINK "http://dipmat.math.unipa.it/~grim/" \t "_parent" �http://dipmat.math.unipa.it/~grim�. Especially, the people who have collaborated in the experimental work and in theoretical reflection on the subject are Prof. Maria Ajello and  Dr Benedetto Di Paola. 


� Nisbett (2003), see paragraph 4.1.


� This classification appeared during the Han dynasty (206 BC – 220 AD). Xŭ Shèn in the organisation of the dictionary Shuōwén jiězì (explanations of the simple characters and analysis of the composite characters) (121 AD), classified the characters in six categories which he called liùshū (the six principles of writing). The form of writing, which took shape in the last part of the Han dynasty, called kăishū, is that which is still in use today.  


� The greatest majority of the Chinese characters belongs to the category of the zì or composite characters; zì in turm consists of two basic types, huìyì and xíngshēng. The first category is non-phonetic: one character huìyì (united meanings) generally has two graphic components whose meanings taken together suggest another word; for example, according to Xŭ Shèn, the word for wood is given by two trees. The huìyì characters form quite a vast category; the process, even if less productive than the formation of the xíngshēng, has continued to be employed in the formation of new characters throughout all Chinese history. 


� There are reported by Copi I. M. and Coen C. (1998), Introduction to Logic, tenth edition, New Jersey: Prentice Hall, Inc. 


� Here we could refer to abdication in Peirce’s sense, but presumably the inference used is none other than a fuzzy implication (Kosko, 1995; Spagnolo, 2003, 2005; Gras & Spagnolo, 2004).


� The organisation of the public school had, in the 1800s, with the establishment of national states, the point of reference. The “religious” school, at least in old Europe, was transformed into the state public school.


� In China, for several years, they have gone in this direction, see paragraph 4 (Sun, 2005).


� The term “knowledge” is inserted here in its instrumental meaning. 


�G. Lolli, Capire la matematica, ed. Il Mulino, 1996, Bologna.


�Ferdinando Arzarello - Luciana Bazzini - Giampaolo Chiappini, L’algebra come strumento di pensiero (Analisi teorica e considerazioni didattiche), Quaderno n.6 Progetto strategico C.N.R. Tecnologie e Innovazioni didattiche, Pavia, 1993.
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